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We study theoretically the electrical current and low-frequency noise for a linear Josephson junc-
tion structure on a topological insulator, in which the superconductor forms a closed ring and
currents are injected from normal regions inside and outside the ring. We find that this geometry
offers a signature for the presence of gapless 1D Majorana fermion modes that are predicted in the
channel when the phase difference ϕ, controlled by the magnetic flux through the ring, is pi. We
show that for low temperature the linear conductance jumps when ϕ passes through pi, accompanied
by non-local correlations between the currents from the inside and outside of the ring. We compute
the dependence of these features on temperature, voltage and linear dimensions, and discuss the
implications for experiments.
PACS numbers: 74.45.+c, 71.10.Pm, 74.78.Fk, 74.78.Na
I. INTRODUCTION
There is presently a major effort in condensed mat-
ter physics to demonstrate the unique properties of
Majorana fermion quasiparticle states associated with
topological superconductivity.1,2 A promising approach
is to utilize proximity effect devices that combine or-
dinary superconductors with topological insulators or
other strong spin-orbit materials to achieve topological
superconductivity.3–7 Recent experiments on semicon-
ductor nanowires coupled to superconductors observed
zero-energy tunneling resonances that have been inter-
preted as Majorana bound states.8–11 The original pro-
posal involved a superconductor coupled to the surface
of a topological insulator (TI). It was shown that a vor-
tex in the superconductor is associated with a Majorana
bound state, and that a linear Josephson junction (JJ)
exhibits gapless 1D Majorana fermions when the phase
difference is ϕ = pi.3 Supercurrents in TI JJ devices have
recently been observed.12–14 Unusual behavior, including
a smaller than expected critical current normal resistance
product, as well as an anomalous Fraunhofer diffraction
pattern, has been interpreted as evidence for 1D Majo-
rana fermions along the channel between the supercon-
ductors.14 However, the connection between these obser-
vations and Majorana fermions is indirect.
A difficulty with critical current measurements is that
the predicted Majorana behavior is only manifest when
the phase difference ϕ is close to pi. In order to isolate the
properties of the gapless Majorana mode, it is necessary
to control the phase. Moreover, the supercurrent car-
ried by the junction includes contributions from gapped
states. The gapless mode leads to only a weak singularity
in the current phase relation at ϕ = pi. Another possible
experiment would be to use a ring geometry and to tun-
nel into the junction region from another contact. Similar
experiments on 1D SNS junctions revealed the expected
collapse of the minigap in the normal region for ϕ = pi.15
Such experiments on a TI JJ device could demonstrate
the closing of the gap, but they would not distinguish an
even and odd number of gapless channels. The unique
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FIG. 1: (a) Three-terminal ring geometry, in which the phase
difference across a linear S-TI-S Josephson junction is con-
trolled by the magnetic flux Φ through the ring. Measurement
of the current and low-frequency noise provides a signature
sensitive to Majorana fermion modes on the junction.
feature of the 1D Majorana mode is that as the phase is
tuned through pi, the system must pass through a state
where the Majorana mode is transmitted perfectly along
the channel - even in the presence of strong disorder. This
leads to a quantized thermal conductance that in princi-
ple probes the central charge c = 1/2 associated with the
Majorana mode, but would be difficult to measure.
In this paper we show that measurement of current
and low-frequency current noise injected from the nor-
mal surface states at the ends of a TI JJ give rise to a
unique signature that is sensitive to the perfectly trans-
mitted gapless Majorana mode at ϕ = pi. Our setup,
shown in Fig. 1, consists of a superconducting ring on
the surface of a topological insulator with a linear chan-
nel. The phase difference across the junction is controlled
by the magnetic flux through the ring, ϕ = 2piΦ/φ0, with
φ0 = h/2e.
16 In addition, we introduce electrical contacts
to the normal TI surfaces inside and outside the ring, as
well as to the superconductor. This three-terminal geom-
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2etry allows the average currents 〈Ia〉 (a = 1, 2) and the
correlations 〈δIaδIb〉 to be measured as functions of the
voltages V a relative to the grounded superconductor. We
find that for a long junction at low temperature the linear
conductance exhibits sharp steps when ϕ passes through
odd multiples of pi. This singular behavior is a direct con-
sequence of the gapless Majorana mode at ϕ = pi. When
the electrical contacts consist of only a single transmit-
ting channel, the magnitude of these steps is 2e2/h. In
the more realistic situation where there are multiple ac-
tive transmitting channels the singular behavior is still
present, though the size of the step is reduced.
In addition, we find signatures for the Majorana mode
in the diagonal and cross correlations of the current noise.
The cross correlation 〈δI1δI2〉 exhibits a narrow peak
when ϕ ∼ pi due to the Majorana mode. In the single-
channel limit, the height of the peak in the zero tem-
perature limit is universal. For many channels, the peak
height is suppressed. The magnitude and sign of the
peak, however, is predicted to be related to the size of
the steps measured in the average current. Finally, we
predict that the diagonal noise correlation 〈δI1δI1〉 also
exhibits a sharp peak at ϕ = pi. Unlike the singular
behavior of the average conductance and the cross cor-
relation, however, the size of the peak is not suppressed
when there are many channels, and provides a more ro-
bust signature of the Majorana mode.
Our results are related to earlier work concerning res-
onant transmission through 0D Majorana bound states
and proximity effect systems.17–30 In particular, Law, Lee
and Ng21 showed that tunneling into a Majorana bound
state at T = 0 leads to a zero-bias resonant conduc-
tance 2e2/h associated with perfect Andreev reflection
of a single channel. In our geometry there are no dis-
crete Majorana zero modes. However, when the mag-
netic flux, rounded to the nearest integer multiple of φ0
is odd, there is effectively a Majorana zero mode inside
the ring, but it is strongly coupled to the continuum of
states in the surface region coupled to the lead. In this
regard, the linear JJ exhibits a behavior similar to the
topological transition in a 1D topological superconduc-
tor26. In our case, the transition between the topologi-
cal and non-topological phase, which occurs at ϕ = pi is
controlled by the magnetic flux. Noise correlations asso-
ciated with tunneling into Majorana bound states have
also been studied, and the noise correlations for ϕ = pi
resembles the noise correlations that have been studied
for coupling to chiral Majorana fermion modes associ-
ated with magnet-superconductor interfaces on the sur-
face of a TI.21,28 An important difference between the
present work and these earlier works, however, is that in
our geometry, the superconducting phase ϕ, controlled
by the magnetic flux through the ring, provides an ac-
cessible knob for controlling the coupling between the
counterpropagating chiral Majorana modes. This makes
it possible to tune through the quantum critical point
at ϕ = pi that separates topological and non-topological
phases. An advantage of the present approach is that
the singular behavior of the current and noise near ϕ = pi
provides a distinctive signature for the Majorana physics.
The organization of our paper is as follows. We first
present in section II the specifics of our model for the
Josephson junction, focusing on a simple tunneling prob-
lem for the Majorana channel and properly treating the
interchannel reflection of the remaining modes in the
leads. Section III focuses on experimental signatures
of the gapless Majorana channel: first we discuss the
ideal case of single-channel leads and then we expand
out to the more realistic multi-channel case, extracting
the terms in the multi-channel current and noise which
show singular behavior as ϕ winds through pi. Finally,
we conclude with a discussion of experimental parame-
ters and feasibility. Additional appendixes A through C
provide complete derivations of the multi-channel observ-
ables and their single- and many-channel limits.
While this manuscript was in the final stages of prepa-
ration we received a preprint by Diez, et al. that presents
an analysis of a related Josephson junction geometry for
topological superconductors.31
II. MODEL SYSTEM
In Ref. 3 it was shown that a Josephson junction on
the surface of a topological insulator exhibits a gapless
Majorana mode when the phase difference is equal to pi.
At that point, there is a single, one-dimensional Majo-
rana mode that is transmitted perfectly along the length
of the junction. For ϕ different from pi, a gap opens in
that mode. In the following we consider the low energy
limit for phase difference close to pi, so that the trans-
mission across the junction is dominated by the single
gapless Majorana mode, which can be described by a
simple one-dimensional model. As indicated in Fig. 2,
this mode couples to a single Majorana mode in the con-
tacts inside and outside the ring. In general, the contacts
will involve many additional channels, so it is necessary
to introduce a general scattering matrix that relates the
incident channels and the transmitted channel.
We begin with a discussion of the one-dimensional
transmission problem for the singular channel in II A and
in II B we introduce the general scattering matrix, from
which we compute the current and noise as functions
of the phase difference ϕ, temperature T and the volt-
ages V 1,2 on the inner and outer contacts relative to the
grounded superconductor.
A. One-Dimensional Model
In Ref. 3 a TI JJ was described by modeling the
TI surface state by a single massless 2D Dirac fermion
coupled to a superconducting pairing potential ∆(y) =
∆0 exp(isgn(y)ϕ/2). For ϕ ∼ pi there are quasiparti-
cle states with E ∼ 0 bound to the interface y = 0
that are described by a two-band Hamiltonian, H =
3γ1,1η1,1
η1,1~γ1,1~
t1
t2r1
r2
-L/2 L/2
γa>1,1ηa>1,1ηa>1,1~γa>1,1~ R1 R2~ ~ γ1,2η1,2
η1,2~γ1,2~
γa>1,2ηa>1,2ηa>1,2~
γa>1,2~
FIG. 2: Schematic of the 1D Majorana modes that propa-
gate along the junction for ϕ ∼ pi, connecting reservoirs on
the inside and outside of the ring. A mass term ∆0 cos(ϕ/2)
couples the counterpropagating Majorana modes. The trans-
mitted mode at ϕ = pi defines a single Majorana mode in both
contacts. The other Majorana modes in the contacts will be
reflected, and characterized by reflection matrices R˜1 and R˜2.
(γL, γR)H(γL, γR)T , where the one-body Bogoliubov de
Gennes Hamiltonian is34
H = −ih¯vFσz∂x +m(x)σy . (2.1)
Here γa(x) = γa(x)† are 1D Majorana fermion operators
with a = L,R. In this Majorana basis the one-body
HamiltonianH exhibits particle-hole symmetry {H,Ξ} =
0 with Ξ = K, complex conjugation. The mass term is
m = ∆0 cosϕ/2. Importantly, m changes sign when ϕ
advances by 2pi. In our ring geometry, this means that
sgn(m) = (−1)ν , where ν = Φ/φ0, rounded to the nearest
integer. The mass term violates time-reversal symmetry,
expressed by [H,Θ] = 0 with Θ = iσyK. For ϕ = pi,
m = 0, there are uncoupled counterpropagating chiral
Majorana fermion modes on the 1D interface.
We should note that the presence of local time-reversal
symmetry in the junction at ϕ = pi obscures the fact that
time-reversal symmetry is explicitly broken globally. Fur-
thermore, the physics of this system requires that time-
reversal symmetry be broken generally throughout the
system. To see this, consider that there is only a single
pair of counterpropagating Majorana modes in the junc-
tion at ϕ = pi. In a one-dimensional system like this junc-
tion, it is not possible to have an odd number of Majorana
Kramers pairs without breaking time-reversal symmetry
in at least some part of the system. Consequently, our
system corresponds to symmetry Class D and therefore,
even at ϕ = pi, it is appropriate to consider time-reversal
symmetry globally broken in our setup32. This classifi-
cation is more than semantic; the restoration of system-
wide time-reversal symmetry at ϕ = pi would generate a
second pair of Majorana modes in the junction which
would be subject to additional interactions and could
alter experimental signatures31,33. Despite the global
breaking of time-reversal symmetry, it is worth clarifying
that for ϕ = pi, the subsystem of the leads, the junction,
and the TI surface linking them does have local time-
reversal symmetry. This symmetry prevents the trans-
mitting Majorana mode from being backscattered by
non-magnetic disorder. Therefore, one may still analyze
moderate disorder in this subsystem by exploiting a time-
reversal symmetry, as we later will in III A. To summa-
rize more precisely, the global breaking of time-reversal
symmetry dictates that the junction hosts just a single
counterpropagating Majorana Kramers pair at ϕ = pi,
whereas the local preservation of time-reversal symme-
try protects the transmission of those paired modes into
the leads.
To model the ends of the junction, we suppose that
∆(x, y) varies adiabatically as a function of x and
smoothly goes to zero in the lead regions with |x| > L/2.
In this case each of the 1D Majorana modes in the junc-
tion evolves into one of the many propagating channels
in the leads. In the spirit of the Landauer-Bu¨ttiker ap-
proach,35 we focus on this single channel and arrive at a
1D model described by Eq. (2.1) for the finite length JJ
coupled to the leads. This defines a scattering problem
for the chiral Majorana fermion modes incident from the
leads.
This scattering problem can be characterized by a 2×2
S matrix,
SE =
(
r1E t
2
E
t1E r
2
E
)
, (2.2)
where t
1(2)
E and r
1(2)
E describe the amplitudes for trans-
mission and reflection of quasiparticles with energy E
incident from the left (right) side. SE obeys a number of
general constraints. Unitarity requires |rαE |2 + |tαE |2 = 1
and |t1E |2 = |t2E |2 = |tE |2. Particle-hole symmetry re-
quires S−E = S∗E . The scattering problem is easily solved
for the simple model m(x) = θ(L/2 − |x|)∆0 cosϕ/2.
This model has a mirror symmetry (x → −x), under
which SE → σySEσy, so that t1E = t2E ≡ tE and
r1E = −r2E ≡ rE . We find
tE =
h¯vFκ
h¯vFκ coshκL− iE sinhκL , (2.3)
rE =
m sinhκL
h¯vFκ coshκL− iE sinhκL , (2.4)
where κ =
√
E2 −m2/(h¯vF ). At E = 0, S0 is real, and
is characterized by
t0 = 1/ cosh(m/∆) , (2.5)
r0 = tanh(m/∆), (2.6)
where we have defined ∆ = h¯vF /L. For m  ∆,
r0 = ±1. Importantly, when m changes sign, r0 changes
sign and must pass through zero, at which point the
transmission at E = 0 is perfect, i.e., |t0| = 1. This prop-
erty is more general than our specific model. It is related
to the fact the a discrete Majorana zero mode must be
present inside the ring for the enclosed flux Φ = nφ0
(ϕ = 2pin) when n is odd, but is absent when n is even.
In order for the zero mode to appear or disappear, there
must be a point where the gap vanishes and the trans-
mission is perfect for 2pin < ϕ < 2pi(n+ 1). The perfect
resonant transmission is thus a specific signature for a
4gapless 1D Majorana mode on the junction. However,
the transmitted Majorana mode does not carry charge.
We will see in the following that the transmitted Majo-
rana mode leads to a step in the average current and a
peak in the current noise.
B. Current and Noise
We now develop general formulas for the electrical cur-
rent and noise in our geometry. Similar calculations have
been performed previously in Refs. 17–29. We must com-
bine the transmitted Majorana mode with an additional
Majorana mode in each lead as well as properly treat the
remaining incident electron channels. For each channel,
the Dirac fermion electron operators may be expressed
in terms of a pair of Majorana operators,
ca,αE = γ
a,α
E + iη
a,α
E , (2.7)
c˜a,αE = γ˜
a,α
E + iη˜
a,α
E , (2.8)
where ca,αE (c˜
a,α
E ) describe modes incoming (outgoing)
from lead α and channel a. We should note that, in gen-
eral, a lead α with Nα electron channels will have 2Nα
electron and hole channels constrained by particle-hole
symmetry. We are free to define our modes such that at
ϕ = pi, γ1α is the extension of the perfectly transmitted
mode into the leads. Thus, there is 1 transmitting Ma-
jorana channel and 2Nα−1 reflected Majorana channels
with, in general, no additional constraints.
We can express the relationship between incoming and
outgoing Majorana modes in terms of a scattering ma-
trix,
γ˜aE = S
ab
E γ
b
E , (2.9)
where a and b are now indexes for lead, channel, and
Majorana type (γ or η) and noting that SabE = S
ab∗
−E due
to particle-hole symmetry. SE has the general structure
SE =
(
r1E t
2
E
t1E r
2
E
)
, (2.10)
which allowing for only a single transmitting Majorana
channel becomes:
tαE = t
α
E e
11 , (2.11)
rαE = r
α
E e
11 + r˜αE , (2.12)
r˜αE =
(
0 ~0T
~0 R˜αE
)
, (2.13)
where rαE and t
α
E are single-channel scattering coeffi-
cients, R˜α is a (2Nα− 1)× (2Nα− 1) dimensional Majo-
rana reflection matrix representing the remaining chan-
nels, and eabij = δaiδbj . Our plots use for r
α
E and t
α
E the
model scattering coefficients in Eq. (2.3) and (2.4). S
and all other matrices for our model are 2(N1 + N2) ×
2(N1 +N2) dimensional.
The operator for the current flowing out of contact α
is given by
Iˆα =
evF
L
∑
E
Nα∑
a=1
(
ca,α†−E c
a,α
E − c˜a,α†−E c˜a,αE
)
=
evF
L
∑
E
(
γ†EΣ
α
y γE − γ˜†EΣαy γ˜E
)
=
evF
L
∑
E
γa−EA
ab,α
E γ
b
E , (2.14)
where AαE = Σ
α
y − S†EΣαySE , γaE here is an element of a
column vector of Majorana operators in channel a, and
Σαy = P
α ⊗ σy, where Pα is a projector onto the modes
in lead α and σy is the Pauli matrix coupling γa,α and
ηa,α. Omitted details for this calculation are presented in
Appendix A. The average current Iα = 〈Iˆα〉 thus reads
Iα =
evF
L
∑
E
〈γa−EγbE〉Aab,αE
=
evF
L
∑
E
Tr[QTEA
α
E ], (2.15)
in which we have used the following definition
QabE ≡ 〈γa−EγbE〉 =
1
4
∑
β
[
f+,βE P
β + f−,βE Σ
β
y
]ab
,(2.16)
where f±,βE ≡ fβ(E)± [1− fβ(−E)], the sum and differ-
ence of the electron and hole Fermi functions.
Similarly, the low-frequency noise power Pαβ =∫ +∞
−∞ dt
(〈Iˆα(t)Iˆβ(0)〉−IαIβ) can be calculated as follows
using Wick’s theorem. We find
Pαβ =
e2vF
L
∑
E,E′
〈γa−EγbEγc−E′γdE′〉Aab,αE Acd,βE′
=
2e2vF
L
∑
E
Tr[AαEQ−EA
β
EQ
T
E ] . (2.17)
The detailed derivation is explained in Appendix B.
III. EXPERIMENTAL SIGNATURES
Here we provide a description of the current and noise
observables which characterize the 1D gapless Majorana
channel in the JJ. We begin with the average current and
conductance at each lead, finding that they are indepen-
dent of the applied voltage at the other lead and display
sharp steps in the low temperature and small voltage
limit. We then consider the noise power across the leads
and at the same lead. The cross noise signal contains
only one term which exhibits a peak at ϕ ∼ pi, though
is suppressed by interchannel scattering. The diagonal
noise displays a more complicated signal but exhibits a
peak that persists even in the large N1,2 limit.
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FIG. 3: Conductance as a function of ϕ in the single-channel
limit. The green curves represent the ideal case for zero tem-
perature and zero voltage in each lead with ∆ = 0.05∆0. The
purple, orange, blue, and red curves respectively represent the
cases for ∆/∆0 = 0.5, 0.2, 0.1, and 0.05 with T = 0.005∆0
and eV1 = eV2 = eV = 0.05∆0.
A. Average Current
We will begin with a calculation of the average electric
current in the limit that there is only a single channel
in the electrical contacts. In principle, this could arise if
there was a quantum point contact separating the leads
from the surface states. Even away from this limit, how-
ever, the simplicity of the result will aid the understand-
ing of the more general results, which we present in the
following section.
1. Single-Channel Limit
In the single-channel limit, there is only one addi-
tional Majorana mode η1,α in each lead, so that R˜α =
±1. Using Eq. (2.15) and (2.17) and setting ∑E =
L/(2pih¯vF )
∫ +∞
−∞ dE, we obtain
Iα =
e
2h
∫ ∞
−∞
dE(1− rαE)fα−(E). (3.1)
In Fig. 3 we plot the conductance G = I/V as a func-
tion of phase ϕ predicted by Eq. (3.4) for several values
of ∆. G(ϕ) exhibits sharp steps at ϕ = 2pi(n + 1/2),
provided ∆  ∆0. This requirement is equivalent to
having the coherence length ξ ∼ h¯vF /∆0  L, so that
quasiparticle tunneling across the superconductor is sup-
pressed for ϕ ∼ 0, leading to perfect normal or Andreev
reflection, r(ϕ ∼ 0) = ±1. In this limit the width of the
step is determined by the maximum of ∆ and T . For
T  ∆ ∆0 the linear conductance is simply,
G(ϕ) = (1− r0)e2/h (3.2)
where from Eq. (2.6) r0 = tanh[(∆0/∆) cosϕ/2]. r0
switches between−1 and +1 over a range δϕ ∼ ∆/∆0 
1, so that over that range G exhibits a step
∆G = 2e2/h. (3.3)
In the following section we will show that when there
are additional channels, the step is still present, but its
magnitude is suppressed.
Eq. (3.2) can be understood in terms of the four
elementary scattering processes for a particle at the
Fermi energy incident from one of the leads. The
probability for reflection as an electron (or hole) is
|1 + (−)r0|2/4, while the probabilities for transmission
as an electron or as a hole are both (t0)
2/4. For
∆  T  ∆0, G(ϕ) = G˜(mϕ/T )e2/h, with G˜(X) =
1−X ∫ 1
0
dz
√
1− z2/ cosh2(Xz).
2. General N-Channel Current
In the general case of many electron channels in each
lead we find
Iα =
e
4h
∫ +∞
−∞
dE f−,αE
{
2Nα − 2 Re[rα∗E r˜α22,E ]
−Tr[Σyr˜α,†E Σyr˜αE ]
}
. (3.4)
This expression contains terms that do not depend on
the scattering of the mode that is perfectly transmitted
at ϕ = pi. In general, these terms will depend on ϕ,
but they will not exhibit the singular ϕ dependence as-
sociated with the critical mode. Thus, we extract the
singular terms, which we denote by Iαγ , that depend on
rα and tα.
Iαγ = −
e
2h
∫ +∞
−∞
dE f−,αE
{
Re[rα∗E r˜
α
22,E ]
}
. (3.5)
In the limit T, V α  ∆, we have SE ≈ S0. Since SE =
S∗−E , S0 is a real, orthogonal matrix. The conductance
jump at ϕ ∼ pi due to the step in r0 then becomes
∆Gα =
2e2
h
r˜α22,0 . (3.6)
In general, r˜α22,0 will depend on the details of the in-
terface between the Josephson junction and the elec-
trical contacts, and can vary in both sign and magni-
tude. We will not attempt to compute it in detail here.
Rather, we will note that the scattering of our system
lies somewhere between the limits of a disordered, many-
channel quantum point contact and that of a diffusive,
quasi-1D conductor. In the limit where the TI surface
between the leads and the junction is extremely clean,
we can consider, as is done in Ref. 31, that r˜α22,0 is an
element of a (2Nα − 1) × (2Nα − 1) orthogonal ma-
trix which is, in general, unconstrained by time-reversal
or spatial symmetries. Under the assumption that all
such matrices are equally likely, the typical value will
be r˜α22,0 = O(1/
√
Nα). Conversely, as is discussed in
Ref. 36, we can consider that in the limit that the TI
surface linking the lead and the junction has moderate,
non-magnetic disorder and has a comparable to that of
the elastic mean free path, only a limited number of the
electron channels on the TI surface will actively carry
6current. In this case, only the active channels which pen-
etrate the disorder will be subject to interchannel scat-
tering and the typical value of r˜α22,0 will be increased to
O(1/
√
Nαopen) where N
α
open is on the order of the TI sur-
face conductance in units of e2/h. Since the derivation
of the experimental signatures is unchanged between the
two limits, we will simplify our notation and redundantly
label Nαopen ≡ Nα such that for all intermediate cases
r˜α22,0 = O(1/
√
Nα). (3.7)
Thus, though the magnitude is suppressed, the conduc-
tance still exhibits sharp jumps in the limit T  δE 
∆0. Importantly, the conductances G
1 and G2 from the
inside and outside leads should exhibit jumps at the same
magnetic flux. If observed, these conductance jumps rep-
resent a clear signal of a quantum phase transition in the
system, corresponding to the insertion or removal of a
delocalized Majorana mode in the superconducting ring.
The magnitudes and signs of these jumps are each char-
acterized by r˜α22,0. We will see that the same parameters
characterizes the signature in the noise correlations and
that the cross noise correlation peaks occur at the same
flux as the conductance jumps.
B. Noise Power
Next we calculate the current-current correlations
which contribute to zero-frequency noise power Pαβ . We
find that the cross correlation P 12 is characterized be a
peak at ϕ ∼ pi due to a single term which corresponds to
Majorana transmission across a 1D gapless channel and
if detected at half integer multiples of φ0 gives an unam-
biguous signature of a quantum phase transition and the
insertion of a delocalized Majorana mode into the ring.
For a single channel, the peak has a universal height,
while, for many channels it is suppressed by the same
factors that led to the suppression of the conductance
steps. The diagonal noise Pαα will be presented in its
single-channel and many-channel limits with relevant be-
havior highlighted. Unlike the cross noise, the diagonal
noise contains singular terms which remain as N1,2 →∞.
1. Single-Channel Limit
Taking Eq. (2.17) in the previously-discussed single-
channel limit we find
P 12 =
e2
4h
∫ +∞
−∞
dEf−,1E f
−,2
E t
1
Et
2
E , (3.8)
P 11 =
e2
4h
∫ +∞
−∞
dE[|1− r1E |2f+,1−E f+,1E
− (1− r1E)2f−,1E f−,1E + |tE |2f+,1−E f+,2E ] . (3.9)
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FIG. 4: Cross noise power P 12 as a function of ϕ in the single-
channel limit. The green curves represent the ideal case for
zero temperature and zero voltage in each lead with ∆ =
0.05∆0. The purple, orange, blue, and red curves respectively
represent the cases for ∆/∆0 = 0.5, 0.2, 0.1, and 0.05 with
T = 0.005∆0 and eV1 = eV2 = eV = 0.05∆0.
P 21 and P 22 follow from interchanging superscripts 1↔
2 in Eq. (3.8) and (3.9), respectively.
Fig. 4 shows the non-local noise correlation P 12(ϕ)
evaluated for eV1 = eV2 = 10T , for representative val-
ues of ∆. For ∆  ∆0, P 12(ϕ) exhibits a peak near
ϕ = 2pi(n + 1/2). For ∆ < T the peak height is sup-
pressed by a factor ∼ exp(−piT/∆). Observation of the
peak in the noise correlations requires eV, T <∼ ∆.
In the limit eV, T  ∆ Eq. (3.8) and (3.9) reduce to
P˜ 11 =
e2
2h
T
{
(t0)
2
[
F
(
eV +
2T
)
+ F
(
eV −
2T
)]
+ (1− r0)2
}
, (3.10)
P˜ 12 =
e2
2h
T (t0)
2
[
F
(
eV +
2T
)
− F
(
eV −
2T
)]
(3.11)
where F (X) = X coth(X), V ± = V 1 ± V 2, and we’ve
made the assumption that t10 = t
2
0 = t0 and r
1
0 = −r20 =
r0. This assumption is generally valid as most exper-
imental systems in this geometry will be adiabatically
connected to our model system in this low-energy limit.
This leads to a striking behavior in the zero-temperature
limit. For T  V1, V2  ∆, we find that
P 11 =
e3
2h
(t0)
2|Vmax| , (3.12)
P 12 =
e3
2h
(t0)
2Vminsgn(Vmax) , (3.13)
where Vmax(Vmin) is the voltage V
α=1,2 that has the
largest (smallest) absolute value. Obviously the diago-
nal (off diagonal) noise correlations are sensitive to the
maximum (minimum) of the voltages of the leads relative
to the superconductor. In Fig. 5 we plot the noise corre-
lations at the peak m = 0 as a function of V2 for fixed V1
and representative temperatures. The fluctuation in the
total current I+ = I1 + I2 flowing into the superconduc-
tor is given by P+ = 〈δI+δI+〉 which has the following
simple form:
P+ =
e3
h
t20|V1 + V2| . (3.14)
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FIG. 5: Cross noise and diagonal noise at ϕ = pi in the single-
channel limit. The green curves represent the ideal case for
zero temperature and zero voltage in each lead. The purple,
orange, blue, and red curves respectively represent the cases
for T/∆0 = 0.1, 0.05, 0.02, and 0.005 with eV1 = 0.05∆0 and
∆ = 0.1∆0.
The current flowing across the junction, I− = I1−I2 has
noise P− = 〈δI−δI−〉 which goes as
P− =
e3
h
t20|V1 − V2| . (3.15)
The features inG(ϕ) and P ab(ϕ) near ϕ = pi, which are
predicted to occur over a width δϕ ∼ max(∆, eV, T )/∆0
constitute a signature for the Majorana fermion modes
associated with the Josephson junction. They are present
because over the range δϕ, a Majorana zero mode is
transferred from one end of the junction to the other.
2. N-Channel Generalization of the Noise Power
When there are multiple channels the cross correlation
is
P 12 = P 12γ
= − e
2
4h
∫ +∞
−∞
dEf−,1E f
−,2
E t
1
Et
2
E r˜
1∗
22,E r˜
2∗
22,E
(3.16)
In the limit, eV, T  ∆, the cross noise still maintains
the form of Eqn. (3.11) but is suppressed:
P˜ 12 =
e2
2h
T (t0)
2
[
F
(
eV +
2T
)
− F
(
eV −
2T
)]
r˜122,0r˜
2
22,0.
(3.17)
For T  V1, V2  ∆, the Fermi functions become step
functions and the cross noise becomes
P 12(ϕ) = −e
3Vmin
2h
sgn(Vmax) t
2
0(ϕ) r˜
1
22,0 r˜
2
22,0 . (3.18)
which still maintains the same Vmin, Vmax dependence as
3.13. The height of this peak as a function of ϕ is related
to the conductance jumps in Eq. (3.6) by the scattering
parameters r˜1,222,0 which can be independently measured
using the average current at each lead. Thus, for many
channels we expect the cross noise to be suppressed by a
factor of order (1/
√
N1N2).
The diagonal noise signal P 11 has a more complicated
dependence on ϕ as well as on the elements of r˜1E and
is fully derived in Appendix C. However, we find that
in the large N1,2 limit, in which the O(1/
√
Nα) terms
are completely suppressed, there remains a peak in the
noise that gives a robust signature for the transmitted
Majorana mode. In particular, we find
P 11many =
e2
4h
∫ +∞
−∞
dE f+,1−E f
+,1
E
(
2N1 − |tE |2
)
+ f+,1−E f
+,2
E |tE |2. (3.19)
In the T, V  ∆ limit the singular piece of this becomes
P 11many,γ =
e2
2h
(t0)
2T
{
F
(
eV +
2T
)
+ F
(
eV −
2T
)
−F
(
eV 1
T
)
− 1
}
. (3.20)
The voltage dependence of P 11many,γ is further clarified in
the T  V1, V2  ∆ limit:
P 11many,γ =
e3
2h
(t0)
2
[
|Vmax| − |V 1|
]
(3.21)
which vanishes if |V 1| ≥ |V 2|. This behavior is quite
distinctive and gives a clear indicator of a single gapless
Majorana channel. There will be a peak in the current in
lead 1 due to an applied voltage in lead 2, but no peak if
a voltage is only applied to lead 1. In all of these cases,
the diagonal noise still contains singular pieces in the
large N1,2 limit and therefore provides, of all the quan-
tities discussed in this paper, perhaps the most robust
signature of gapless Majorana modes.
IV. CONCLUSION
In this paper we have computed the electrical current
and noise for a Josephson junction structure on the sur-
face of a topological insulator that allows a clear signa-
ture of the gapless Majorana mode, predicted at phase
difference ϕ = pi. We predict that the average current
exhibits sharp steps as a function of phase difference for
a long junction at low temperature and voltage. The di-
agonal and off diagonal noise correlations exhibit peaks
at ϕ = pi. The amplitudes of the singular steps and peaks
are predicted to be universal in the case where the elec-
trical contacts couple via a single channel. For N open
electron channels, the singularities remain finite, but the
current steps are reduced by 1/
√
N , while the cross noise
8correlation is suppressed by 1/N . The diagonal noise in-
cludes a peak that is not suppressed for large N .
We now briefly discuss some relevant issues for exper-
imentally implementing our proposal. The number of
channels of the leads is an important parameter for de-
termining the lower bound on the size of the singular
contributions. For a ring geometry, as in Fig. 1, this can
be roughly estimated as Nα ∼ kFRα, where Rα is the ra-
dius of the inner or outer edge of the ring. To minimize
this, it is clearly desirable to control the Fermi energy
of the topological insulator surface states, such that the
Fermi energy is close to the Dirac point. In this case,
Nα ∼ EFRα/h¯vF , where vF is the velocity of the sur-
face states. For Bi2Se3, h¯vF ∼ 0.3eV nm, so for R ∼ 1µ
and EF ∼ 30meV, N ∼ 10 channels39.
Additionally, if there is disorder at the interface be-
tween the leads and the junction, the number of active
electron channels will be decreased and N will then go
instead as the conductance of the TI surface in units of
e2/h. Typical values for TI surface conductance in these
devices range from N ∼ 20 to N ∼ 200 depending on
sample purity and efforts to tune the Fermi energy37.
Also, in the presence of disorder, the noncritical part
of the conductance will be dependent on effects, such
as enhanced reflectionless tunneling or weak localization,
which depend on the magnitude of the applied field38.
It is desirable to minimize these aperiodic contributions
across the addition of a single pi-flux by decreasing the
amount of field required to insert one flux quantum. To
that end, one should make the cross-sectional area of the
ring as big as possible. Equivalently, one should max-
imize HcAring/φ0 where Hc is the critical field of the
superconductor.
A final key parameter in our theory is the level spacing
∆ = h¯vF /L. To observe sharp features in the current
and noise at ϕ = pi we require ∆  ∆0, so that L is
larger than the coherence length ξ = h¯vF /∆. This en-
sures that for ϕ 6= pi the transmission of quasiparticles
across the superconductor is exponentially suppressed.
Since the noise peak is suppressed for ∆ < T , ob-
servation of non-local noise correlations requires that L
not be too large. There is ample room to satisfy these
constraints experimentally. For example, in Ref. 14 de-
vices with Ti/Al electrodes (∆0 ∼ 150µeV) were stud-
ied. While vF is not known exactly for these devices,
an upper bound is the velocity characterizing the Dirac
surface states of Bi2Se3, h¯vF ∼ 0.3eV nm. This leads to
ξ <∼ 1.8µm. For longer junctions, in which L > LT =
h¯vF /T or the inelastic length Lin, the noise correlations
will be suppressed, but the step in the conductance as
well as the diagonal noise peak remain robust, provided
the flux through the ring (and hence the phase ϕ) can be
controlled with the applied magnetic field. For this, it is
desirable to minimize the self-inductance L of the ring, so
that the Josephson energy, EJ cos 2piΦ/φ0, which tends
to quantize the flux, is dominated by Φ2/2L. In Ref. 14,
devices with L ∼ 1µm had critical current Ic ∼ 1µA.
Using EJ = h¯Ic/e and L ∼ 4piR logR/L (for a ring of
radius R and thickness L), we find that this condition is
satisfied for R <∼ 100µm.
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Appendix A: Average Current Calculation
For the purpose of clarity, we will work out in detail
our derivation of the N -channel current and noise, be-
ginning with our choice of a Majorana basis and working
in this appendix up to the average current and its single-
channel and many-channel limits. Appendixes B and C
will expand upon this work up to the general expression
for zero-frequency noise power and its forms in the inter-
channel and same-channel cases.
We begin with the choice of constructing Majorana
operators
γaE =
1
2
(
ca†E + c
a
−E
)
, (A1)
ηaE =
i
2
(
ca†E − ca−E
)
, (A2)
where a represents a given channel and these linear com-
binations have been chosen such that these new operators
are +1 eigenstates of the particle-hole operator Ξ = τxK
in the electron-hole basis of
ψE =
(
cE
c†−E
)
. (A3)
These operators obey the additional property that γ†−E =
γE , such at E = 0 they obey the Majorana relation
γ†0 = γ0. We note that since our new operators are just
linear combinations of electron creation and annihilation
operators, they still have canonical anticommutation re-
lations {γaE , γbE′} = δabδE,E′ and still obey Wick’s theo-
rem when calculating higher order correlation functions.
The two kinds of Majorana have valid contractions with
themselves and between species, leading to four correla-
tors that will be of use:
〈γa−EγbE′〉 = 〈ηa−EηbE′〉 =
1
4
f+E δ
abδE,E′ , (A4)
〈γa−EηbE′〉 = −〈ηa−EγbE′〉 =
i
4
f−E δ
abδE,E′ , (A5)
where f±E ≡ f(E)± [1− f(−E)] and comes from substi-
tuting the definitions of our Majorana operators into the
above correlators and noting that 〈ca†E cbE′〉 = fEδabδE,E′
9and 〈ca−Ecb†−E′〉 = (1− f−E)δabδE,E′ , the Fermi distribu-
tions for electrons and holes respectively. From here, we
can introduce the current operator
Iˆα =
evF
L
∑
E
ψa†−EΣ
α,ab
z ψ
b
E − ψ˜a†−EΣα,abz ψ˜bE . (A6)
Σαz is the matrix for charge-weighted momentum through
lead α in the electron-hole basis and we have expanded
ψE to be 2(N
1 + N2) dimensional for our two-lead ge-
ometry where Nα is the number of channels in lead α.
The −E for ψ† comes from the delta function in en-
ergy that we get by time-averaging and summing over
individual operator energies. Σαz = P
αΣz where P
α is
the projection matrix into the subspace of lead α and
Σz = 1(N1 +N2)⊗σz. Rotating this into our Majorana
basis
Iˆα =
evF
L
∑
E
γa−EΣ
α,ab
y γ
b
E − γ˜a−EΣα,aby γ˜bE , (A7)
where we should note that γaE is a Majorana of type γ (η)
for odd (even) a. There will always be an even number
of modes since we have artificially doubled the electron
channels in each lead as to handle both normal and An-
dreev reflections off the superconductor. The alternating
pattern of entries in γE allows us to summarize Eq. (A5)
as follows
QabE ≡ 〈γa−EγbE〉 =
∑
β=1,2
Qβ,abE , (A8)
Qβ,abE =
1
4
[
f+,βE P
β + f−,βE Σ
β
y
]ab
. (A9)
The outgoing operators γ˜aE = S
ab
E γ
b
E where SE is a
2(N1 +N2)× 2(N1 +N2) dimensional scattering matrix
that obeys the property SE = S
∗
−E , which can be derived
by Hermitian conjugating γ˜E and using γ
†
E = γ−E , and
is a consequence of particle-hole symmetry. This allows
us to write the current operator in a much more compact
form
Iˆα =
evF
L
∑
E
γa−EA
α,ab
E γ
b
E , (A10)
AαE = Σ
α
y − S†EΣαySE . (A11)
With all of these definitions in place, we can finally
begin to take the expectation value of Iˆ1:
I1 = 〈Iˆ1〉 = evF
L
∑
E
〈γa−EγbE〉A1,abE
=
evF
L
∑
E
QabE A
1,ab
E
=
evF
L
∑
E
Tr[QTEA
1
E ] , (A12)
which gives us a general average current of
I1 =
evF
4L
∑
E
{
f−,1E Tr[P
1 − Σ1yS†EΣ1ySE ]
+f+,1E Tr[P
1S†EΣ
1
ySE ]
+f−,2E Tr[Σ
2
yS
†
EΣ
1
ySE ]
+f+,2E Tr[P
2S†EΣ
1
ySE ]
}
. (A13)
We can introduce into this a general S-matrix of the form
SE =
(
r1E t
2
E
t1E r
2
E
)
, (A14)
in which unitarity restricts rα†E r
α
E + t
α†
E t
α
E = 1. The
average current now becomes
I1 =
evF
4L
∑
E
f−,1E
{
2N1 − Tr[Σyr1†E Σyr1E ]
}
+ f+,1E Tr[r
1†
E Σyr
1
E ] + f
−,2
E Tr[Σyt
2†
E Σyt
2
E ]
+ f+,2E Tr[t
2†
E Σyt
2
E ] , (A15)
where we have used Σy to represent any square matrix
of the form 1⊗ σy and Σαy to represent any projection of
a matrix of that form. This means that our Σy matrices
will possibly be different sizes; nevertheless they are care-
fully ordered in such a manner that all matrix products
are still valid.
In our Majorana basis, only a single channel may be
transmitting, which restricts the form of our S matrix
tαE = t
α
Ee
11 , (A16)
rαE = r
α
Ee
11 + r˜αE . (A17)
where rαE and t
α
E are scattering coefficients for the sin-
gle transmitting channel and the elements of the matrix
eabij = δaiδbj . The scattering matrices for the remaining
channels r˜1E 6= r˜2E are in general unequal as the leads
differ in channel number and structure and are otherwise
unrelated by additional symmetries. These matrices have
the structure
r˜αE =
(
0 ~0T
~0 R˜αE
)
, (A18)
where ~0 is the zero column vector and R˜αE is an unde-
termined (2Nα − 1) × (2Nα − 1) dimensional reflection
matrix. R˜αE , as discussed in II A, is unconstrained by
time-reversal symmetry for ϕ 6= pi. Additionally, due to
the presence of some possible disorder and the under-
lying unusual ring geometry, the reflection matrices are
also in the most general case unconstrained by spatial
symmetries. The presence of disorder may also reduce
the number of channels which participate in interchannel
scattering, effectively sending Nα → Nαopen, where Nαopen
is the number of transmitting electron channels through
the disorder on the TI surface between the leads and the
junction36. Noting that tα†E Σyt
α
E = 0 and Σye
11Σy = e22
10
while taking
∑
E = L/(2pih¯vF )
∫ +∞
−∞ dE, we arrive at a
final answer for the total average current at the first lead
I1 =
e
4h
∫ +∞
−∞
dE f−,1E
{
2N1 − 2 Re[r1∗E r˜122,E ]
−Tr[Σyr˜1,†E Σyr˜1E ]
}
(A19)
of which the part containing singular Majorana behavior
as ϕ goes through pi is
I1γ = −
e
2h
∫ +∞
−∞
dE f−,1E
{
Re[r1∗E r˜
1
22,E ]
}
. (A20)
If we take the single-channel limit, i.e. the case of a
quantum point contact, N1 = N2 = 1 and r˜αE is reduced
to r˜122,E = −r˜222,E = 1 and the average current becomes
I1 =
e
2h
∫ +∞
−∞
dE f−,1E
{
1− Re[r1∗E ]
}
. (A21)
In the more realistic many-channel limit, the elements
of r˜αE ∼ O(1/
√
Nα) but with random phases. This means
that they will, in general, not add coherently such that
in the large Nα limit, terms that contain r˜αE will die off.
In this limit the average current reads
I1many =
e
2h
∫ +∞
−∞
dE f−,1E N
1 , (A22)
and the ϕ dependence is suppressed.
Appendix B: Cross Noise Calculation
In this section, we calculate in terms of our previous
matrices the general expression for noise power, special-
izing at the end to the case of cross noise. Zero-frequency
noise power, Pαβ =
∫ +∞
−∞ dt
(〈Iˆα(t)Iˆβ(0)〉−IαIβ), can be
calculated using Wick’s theorem as follows:
Pαβ =
e2vF
L
∑
E,E′
〈γa−EγbEγc−E′γdE′〉Aab,αE Acd,βE′
=
e2vF
L
∑
E
QadE Q
bc
−EA
ab,α
E A
cdβ
E −QacE Qbd−EAab,αE Acd,β−E
= 2
e2vF
L
∑
E
Tr[AαEQ−EA
β
EQ
T
E ]. (B1)
From here, we can specialize to the α 6= β case and
calculate the cross noise power. For α = 1, β = 2,
P 12 = 4
e2vF
L
∑
E
Tr[S†EΣ
1
ySEQ
1
−ES
†
EΣ
2
ySEQ
2,T
E ] . (B2)
After specializing the S-matrix elements and taking∑
E = (L/(2pih¯vF ))
∫
dE, P 12 becomes
P 12γ = −
e2
4h
∫ +∞
−∞
dE f−,1E f
−,2
E t
1
Et
2
E r˜
1∗
22,E r˜
2∗
22,E , (B3)
where we have used P 12γ to note that all of P
12 behaves
singularly as the system goes through its critical point.
In the single-channel limit discussed in Appendix A,
P 12 =
e2
4h
∫ +∞
−∞
dE f−,1E f
−,2
E t
1
Et
2
E . (B4)
In the many-channel limit, P 12 → 0 as O(1/
√
N1N2).
Appendix C: Diagonal Noise Calculation
The diagonal noise calculation follows very closely the
cross noise calculation. However, unlike P 12, P 11 does
not have a simple general form. We begin with Eq. (B1)
P 11 = 2
e2vF
L
∑
E
Tr[A1EQ−EA
1
EQ
T
E ], (C1)
which given Eq. (A17) and (A18) becomes
P 11 =
e2
8h
∫ +∞
−∞
dE{
f+,1−E f
+,1
E
{
4N1 − 2 Tr[Σ1yr1†E Σyr1E ]− 2|tE |2
}
+ f−,1E f
−,1
E
{− 2N1 + 2 Tr[Σyr1†E Σyr1E ]
− Tr[Σyr1†E Σyr1EΣyr1†E Σyr1E ]
}
+ (f−,1E f
+,2
E − f−,1E f+,1E )
{
2 Tr[Σyt
1
Et
1†
E Σyr
1†
E Σyr
1
E ]
}
+ f+,1−E f
+,2
E 2|tE |2
}
(C2)
under the usual substitution for
∑
E . Further simplifying
this, we can obtain expressions for the traces of scattering
matrices:
Tr[Σyt
1
Et
1†
E Σyr
1†
E Σyr
1
E ] = |tE |2(r˜1EΣyr˜1†E )22
Tr[Σyr
1†
E Σyr
1
E ] = 2 Re[r
1∗
E r˜
1
22,E ] + Tr[Σyr˜
1
EΣyr˜
1†
E ]
Tr[Σyr
1†
E Σyr
1
EΣyr
1†
E Σyr
1
E ] =
2 Re
[
(r1∗E r˜
1
22,E)
2 + r1E(r˜
1
EΣyr˜
1†
E Σyr˜
1
E)22
]
Tr[Σyr˜
1
EΣyr˜
1†
E Σyr˜
1
EΣyr˜
1†
E ].(C3)
This very complicated expression does not have, like
the current and cross noise, clearly separable singular
pieces in its general N-channel form. However in the
single-channel limit as described in Appendix A, it sim-
plifies significantly:
P11 =
e2
4h
∫ +∞
−∞
dE
[|1− r1E |2f+,1−E f+,1E
− (1− r1E)2f−,1E f−,1E + |tE |2f+,1−E f+,2E
]
, (C4)
11
where we have exploited in the second term that f−,α−E =
f−,αE and that r
α
−E = r
α∗
E . In the many-channel limit,
the diagonal noise becomes quite simple:
P 11many =
e2
4h
∫ +∞
−∞
dE f+,1−E f
+,1
E
{
2N1 − |tE |2
}
+f+,1−E f
+,2
E |tE |2 ,(C5)
where unlike with P 12, the ϕ dependence is mostly pre-
served and is much more clearly extracted than in the
general, N-channel case. Additionally, the singular part
of the diagonal noise, P 11γ , goes to zero in the many-
channel limit if V 1 = V 2.
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